Abstract. Let A be a positive operator on a Hilbert space H with 0 < m ≤ A ≤ M and X and Y are two isometries on H such that X * Y = 0. For every 2-positive linear map Φ, define
1. Introduction. As customary, we reserve M , m for scalars and I for the identity operator. Other capital letters denote general elements of the C * -algebra B(H) (with unit) of all bounded linear operator acting on a Hilbert space (H, ·, · ). Also, we identify a scalar with the unit multiplied by this scalar. The operator norm is denoted by · . In this article, the inequality between operators is in the sense of Loewner partial order, that is, T ≥ S (the same as S ≤ T ) means that T − S is positive. A positive invertible operator T is naturally denoted by T > 0.
A linear map Φ is positive if Φ(A) ≥ 0 whenever A ≥ 0. We say that Φ is 2-positive if whenever the 2 × 2 operator matrix A B B * C is positive, then so is
The Wielandt inequality [3, p.443] states that if 0 < m ≤ A ≤ M , and x, y ∈ H with x ⊥ y, then 
The inequality (1.1) is an operator version of Wielandt inequality. In 2013, Lin presented the following conjecture. 
Under the assumption that the conjecture is valid, the following two inequalities follow without much additional effort (Γ + Γ * ) without the assumption that the conjecture is true. This is our main motivation.
In this article, we consider a more general Γ defined as
where X, Y are isometries such that X * Y = 0. Three bounds for both 
Now we present the main results of this paper. Theorem 2.3. Let 0 < m ≤ A ≤ M and let X and Y be two isometries such that X * Y = 0. For every 2-positive linear map Φ, define
Proof. We need the following simple fact
Thus with the inequality (2.3), it follows from the inequality (1.1) that
The last inequality above holds since X is partial isometric and 0
Combining Lemma 2.1 and the inequality (2.4) leads to the inequality (2.1). The inequality (2.2) holds from (2.1) and the fact that |X| ≥ X for any self-adjoint X. Thus, we complete the proof.
Sharper result is presented as follows. Theorem 2.4. Under the same condition as in Theorem 2.3. Then
(2.5)
Consequently,
(2.6)
Proof. Combining the inequality (1.1) and the fact that f (t) = t r is operator monotone for 0 ≤ r ≤ 1, we have
when 0 < p ≤ 1. The inequality (2.7) is equivalent to
By Lemma 2.1 and the inequality (2.8), we have
Summing up these two operator matrices, we have
It follows from Lemma 2.1 again that
Similarly, we can obtain
The inequality (2.5) holds by the inequalities (2.9) and (2.11). While the inequality (2.6) holds by the inequality (2.5). This completes the proof of Theorem 2.4.
Remark 1. We provide a second method to prove the inequality (2.5):
which together with (2.8), (2.10) and Lemma 2.1 leads to the inequality (2.5). Remark 2. The bounds in Theorem 2.4 are tighter than those in Theorem 2.3 by the following inequalities
The first inequality above holds by the scalar AM-GM inequality, and the second inequality holds since m ≤ M and p > 0. Our last result is the following. Theorem 2.5. Under the same condition as in Theorem 2.3. Then
where ⌈p⌉ is the ceiling function of p. Consequently,
Proof. Firstly, we prove the following inequality
The proof of (2.14) is proved by induction on ⌈p⌉. For ⌈p⌉ = 1, i.e., 0 < p ≤ 1, combining (2.7) and Lemma 2.2 gives
which is equivalent to
Thus the inequality (2.14) holds for ⌈p⌉ = 1. Now, suppose that the inequality (2.14) holds for ⌈p⌉ ≤ k (k > 1). That is
Combining the inequality (2.15) and Lemma 2.2 leads to 
